Abstract. We show that given a bound on the isoperimetric constant of a compact Riemannian manifold, there are analogues to pinching and compactness theorems for compact Riemannian manifolds, where integral bounds on curvature are assumed instead of pointwise bounds. The idea is to use Hamilton's Ricci flow to smooth the Riemannian metric; the necessary estimates are obtained by a simple global version of Moser Iteration.
Introduction
The ultimate goal is to understand to what extent LP constraints on the Riemann curvature, p > %, determine the geometry and topology of an w-dimensional Riemannian manifold. This has been studied extensively when p = 00, i.e. under pointwise bounds on the curvature. Major results include the Berger-KlingenbergShiohama ^-pinching theorem [4] ; the differentiable sphere theorems of Calabi, Gromoll [4] , Ruh [22] , and Hamilton [14, 15] (also see [16] ), Gromov's theorem on almost flat manifolds [2] ; the Cheeger-Gromov compactness theorem [5, 20, 13, 12, 21] .
The natural question to ask is whether these L 00 theorems can be extended to U theorems for/? > 5-In § 3 I describe a counterexample that shows the conclusions of the theorems do not necessarily hold if the pointwise constraints on curvature are simply replaced by U constraints.
The purpose of this note is to show that the L 00 theorems cited above do generalize to corresponding L p , p > %, theorems if a lower bound on the isoperimetric constant or, equivalently, an upper bound on the Sobolev constant of the manifold is assumed. This was also observed by L. Z. Gao in [11] , where deeper L nf2 pinching and compactness theorems may be found. Here, we carry out the estimates a little more carefully and obtain explicit pinching constants. By applying the Sobolev inequality that is quivalent to the isoperimetric inequality and Moser Iteration to Hamilton's Ricci flow, a Riemannian metric on a compact manifold can be regularized so that the smoothed metric has pointwise curvature bounds which depend on the LP norm of the curvature of the original metric. From this we obtain the following LP analogues to the L 00 theorems listed earlier (see § 2 for definitions and notations): Remarks. The are numerous corollaries to these theorems obtained by applying known estimates for the Sobolev constant. For example, using the work of C. Croke [6] and S. Gallot [7] , the bound on the Sobolev constant can be replaced by a lower bound on volume, an upper bound on diameter, and a pointwise lower bound on the Ricci curvature. Using even more recent work of Gallot [8] , the pointwise bound on Ricci can be replaced by assuming that the U norm of the negative part of Ricci, p > n/2, is less than a constant depending on /?, the dimension, the volume, and the diameter of the manifold.
Slightly different pinching and compactness theorems can also be obtained by using the Sobolev inequalities derived in [26, 27] . For example, the bound on the Sobolev constant can be replaced by a sufficiently large lower bound on the volume of geodesic balls of fixed radius.
Stronger convergence and regularity of the limiting metric in Theorem 3 are obtained in [26] . In light of L 00 estimates for the covariant derivative of the curvature obtained by W.X. Shi [23] , it seems likely that strong L\ convergence of a subsequence of the metrics, q < p, could be obtained from LP versions of Shi's estimates.
Historical remarks. The elliptic version of Moser Iteration was used by L. Z. Gao [10] (and independently by Nakajima [19] ) to study Einstein manifolds. When I learned of Gao's work in the spring of 1987,1 suggested to him that the parabolic version of his estimates might be useful in proving LP pinching theorems. I worked out the details of this observation during the academic year 1987-1988, with the help of Ben Chow and Gao. This paper was written during the summer of 1988 and originally released äs an Institut Fourier (Universite de Grenoble) preprint.
Independently and at the same time, Gao [11] studied the much more difficult and interesting case, when p = f. Although his results are deeper and the arguments are much more complicated, Gao uses estimates like the ones presented here. He also observes that the pinching and compactness theorems described here follow from the estimates.
At about the same time, Min-Oo and Ernst Ruh [17] independently proved similar results using the same ideas. However, they did not obtain the best possible result, since they assume a pointwise bound on sectional curvature.
More recently, Gao [9] , Mike Anderson [1] and I [25, 26] have obtained convergence theorems for Riemannian manifolds that extend the results of Gao. These imply stronger pinching theorems than those presented here.
It is also worth mentioning the recent work of Rugang Ye [28] , who uses the Ricci flow to obtain pinching theorems for compact, negatively curved Einstein manifolds, and that of W. S. Shi [23, 24] , who uses the Ricci flow to prove pinching theorems on noncompact complete Riemannian manifolds.
Notation
Let M be a smooth compact «-dimensionl Riemannian manifold. We shall denote where
A counterexample
Let N be a compact (n -l)-dimensional flat manifold with volume l and M = (-l,l)x7V. Given ε > 0 and a positive integer k, consider the following metric on M:
A straightfoward calculation shows that the Riemann curvature always satisfies | Rm| < k 2 r~2. Therefore, given any p > 0 and k>(2p-!)/(« -1),
In particular, the LP norm of Rm stays bounded s ε approaches zero, and a singularity forms at ε = 0. By pasting this example into a given compact manifold, we obtain a contradiction to the Statement obtained by replacing the the L 00 bound on curvature in the Gromov convergence theorem with an L p bound. On the other hand, there do not seem to be many ways in which a singularity can form with an LP bound, p > 5, on curvature. The known examples of singularities with LP bounded curvature correspond to F-structures used by Cheeger-Gromov to construct collapsing Riemannian manifolds. See [25] for an example with infinite topology.
Global Moser Iteration for the heat equation
The following estimates are a simple version of what can be found in [18] .
Assume that with respect to the metric g = g (t), 0 < t < T, fe C°°(M), 
Multiplying (4.3) by ψ, we obtain where C = C(A n i (q ' n) ql(q~n} + A~1B).
Integrating this with respect to t we get
Given p> p 0 and 0 < τ < Γ, denote Lemma 6. ufoen p >p 0 and 0 < τ < τ' < Γ, Integrating again,
Smoothing a Riemannian metric
Let M be a compact w-maifold with Riemannian metric g 0 . Assume that the Sobolev inequality holds with constants A 0 and B 0 . Given q > n, assume that the curvature satisfies:
Consider the following evolution equation:
There exists a constant c(n, q) such that (5.1) has a smooth solutionfor
Proof. We apply the following theorem of Hamilton (see [14] ):
Theorem 8. Let g(t), Q < t< T,be a solution to (5.1) on a compact manifold M. Ifthe sectional curvature of g (t) remains bounded äs t -+ T, then the solution extends smoothly beyond T.
Let [0, T max ) be a maximal time interval on which (5.1) has a smooth solution and such that the following hold for each metric g (t):
where A = 4^0, B = 4£ 0 , and ß = 2ß 0 . The curvature tensor Rm satisfies the following equation (see [14] ):
where ß(Rm) is a tensor that is quadratic in Rm. We can therefore apply (4.2) to obtain the following: satisfies the parabolic inequality Therefore, if is chosen sufficiently small, the metric g(T) is a smooth Riemannian metric satisfying a pinching condition. By the pinching theorem of Ruh [22] (also, see [16] ), M is diffeomorphic to a sphere. The proof of Theorem 2 is exactly the same, except that the Gromov almost flat theorem [2] is used. Theorem 3 is almost äs easy. Given a sequence of Riemannian manifolds M { satisfying the assumptions of the theorem, Hamilton's Ricci flow can be solved on each manifold and the metrics g t (0) replaced by g t (T). The value T is given by Theorem 8 and is independent of /. The new metrics still have a lower bound for volume and an upper bound for diameter, but now have a pointwise upper bound for curvature. The finiteness Statement now follows directly from the Cheeger finiteness theorem.
To prove convergence, observe that for each k, the solution of the Ricci flow g k (t) satisfies an estimate of the form where 0 < < l, and Cis independent of A: and t. Letting k -» oo on a subsequence, it follows that for positive time, the limiting metrics g^t) satisfy the same estimate. Therefore, äs t -» 0, it converges uniformly to a continuous metric.
